This paper develops a new approximation formula for pricing basket options in a local-stochastic volatility model with jumps. In particular, the model admits local volatility functions and jump components in not only the underlying asset price processes, but also the volatility processes. To the best of our knowledge, the proposed formula is the first one which achieves an analytical approximation for the basket option prices under this type of the models.
Introduction
The basket options are one of the most popular exotic-type options in the commodity and equity markets. However, it is a tough task to calculate a basket option price with computational speed fast enough for practical purpose, mainly due to the difficulty of the analytical tractability and its high dimensionality. For instance, although the Monte Carlo method is easy to implement, it requires a substantial computational time to obtain an accurate value. Also, the numerical methods for the partial differential equations (PDEs) have been well developed, but it is still very difficult to solve high dimensional PDEs with accuracy and computational speed satisfactory enough in the financial business. To overcome the difficulties, this paper develops a new analytical approximation formula for basket options. In particular, to the best of our knowledge, our approximation formula is the first one which achieves a closed form approximation of basket options under stochastic volatility models with local volatility functions and jump components for not only the underlying asset price processes, but also the volatility processes.
There exist a large number of preceding studies on pricing basket options. In the Black-Scholes model, Brigo, Mercurio, Rapisarda and Scotti (2004) applied a moment matching method to approximate basket option prices. Deelstra, Liinev and Vanmaele (2004) derived the lower and upper bounds for basket call option prices with comonotonic approach.
Under a Local volatility model, Takahashi (1999) showed an approximation for basket option prices with an asymptotic expansion technique. Bayer and Laurence (2014) used a heat kernel expansion and the Laplace approximation method to derive very accurate approximate prices of basket options.
In a local volatility jump-diffusion model, Xu and Zheng (2010) derived a forward partial integral differential equation (PIDE) for basket option pricing and approximated its solution. Also, Xu and Zheng (2013) applied the lower bound technique in Rogers and Shi (1995) and the asymptotic expansion method in Kunitomo and Takahashi (2001) to obtain the approximate value of the lower bound of European basket call prices. Moreover, when the local volatility function is time independent, they suggested to have a closed-form expression for their approximation.
Under a local stochastic volatility model, Shiraya and Takahashi (2014) has developed a general pricing method for multi-asset cross currency options which include cross currency options, cross currency basket options and cross currency average options. They also demonstrated that the scheme is able to evaluate options with high dimensional state variables such as 200 dimensions, which is necessary for pricing basket options with 100 underlying assets under stochastic volatility environment. Moreover, in practice, fast calibration is necessary in the option markets relevant for the underlying assets and the currency, which was also achieved in the work.
Models within the class of the so called local stochastic volatility (LSV) model are mainly used in practice: for example, SABR (Hagan, Kumar, Lesniewskie, and Woodward (2002)), ZABR (Andreasen and Huge (2011)), CEV Heston (e.g. Shiraya et al. (2012) ) and Quadratic Heston models (e.g. Shiraya et al. (2012) ) are well known. Nonetheless, the LSV model is not always enough to fit to a volatility smile and term structure. Hence, some advanced researches investigated a local stochastic volatility with jump model. Among them, Eraker (2004) found that the models with jump components in the underlying price and volatility processes showed better performance in fitting to option prices and the underlying price returns' data simultaneously in stock markets. Pagliarani and Pascucci (2013) derived an analytical approximation of plainvanilla option prices by applying the adjoint expansion method. However, to the best of our knowledge no works have derived an analytical approximation formula for the option prices under a model which admits a local volatility function and jumps both in the underlying asset price and its volatility processes. This paper develops a formula for pricing basket options under the setting by extending an asymptotic expansion approach. This closed form equation has an advantage in making use of the better calibration to the traded individual options whose underlying assets are included in a basket option's underlying.
In fact, our numerical experiments provide estimates of basket option prices based on the parameters obtained by calibration to the market prices of WTI futures options and Brent futures options. Then, those estimated prices are compared with the prices calculated by Monte Carlo simulations.
An asymptotic expansion approach in finance was initiated by Kunitomo and Takahashi (1992), Yoshida (1992) , and Takahashi (1995 Takahashi ( ,1999 , which provides us a unified methodology for evaluation of prices and Greeks in general diffusion setting. Recently, the method was further developed to be applied to the forward backward stochastic differential equations (FBSDEs). (See Fujii and Takahashi (2012 a,b,c,d), Yamada (2012, 2013) for the details.)
Although the method was extended to be applied to a jump-diffusion model by Kunitomo and Takahashi (2004) and Takahashi(2007 Takahashi( ,2009 , they concentrated on approximation of only bond prices or/and plain-vanilla option prices under a local volatility jump-diffusion model, and did not derive higher order expansions than the first order for the option pricing. Subsequently, Takahashi and Takehara (2010) found a scheme for pricing plain-vanilla options in a jump-diffusion with stochastic volatility model. However, thanks to a linear structure of the underlying asset price process in their model they separated the jump component with a known characteristic function and then applied the expansion technique developed in the diffusion models. Hence, their scheme can not be applied directly to more general models nor basket option pricing. The current work generalizes these preceding researches in the asymptotic expansion approach.
The organization of the paper is as follows: After the next section briefly describes our model for basket options, Section 3 derives a new approximate pricing formula, and Sections 4 and 5 show numerical examples. Particularly, Section 5 provide approximate prices for basket options on the WTI futures and Brent futures based on the parameters through calibration to the plain vanilla option prices. Section 6 concludes. Appendix shows the derivation of the coefficients in the pricing equation and the conditional expectation formulas necessary for obtaining the main theorem.
Model
This section shows the model of the underlying asset prices and their volatility processes, which is used for pricing the European type basket options.
In particular, suppose that the filtered probability space (Ω, F, P, {F t } t≥0 ) is given, where P is an equivalent martingale measure and the filtration satisfies the usual conditions. Then, (
represent the underlying asset prices and their volatilities for t ∈ [0, T ], respectively. Particularly, let us assume that S i T and σ i T are given by the solutions of the following stochastic integral equations:
where s i 0 and σ i 0 , i = 1, · · · , d are given as some constants. The notations are defined as follows:
• ϕ S i (x, y) and ϕ σ i (x) are some functions with appropriate regularity conditions.
• W S i and W σ i , (i = 1, · · · , d) are correlated Brownian motions.
• Each N l , (l = 1, · · · , n) is a Poisson process with constant intensity Λ l . N l , l = 1, · · · , n are independent, and also independent of all W S i and W σ i .
• τ j,l stands for the j-th jump time of N l .
•
• For each l and x i , h x i ,l,j (j ∈ N) are independent and identically distributed random variables, where x i stands for one of S i and σ i (i = 1, · · · , d).
-for the constant jump case, h x i ,l,j = H x i ,l for some constant H x i ,l in all j.
-for the log-normal jump case,
where
,j is a random variable which follows a normal distribution with mean m x i ,l and variance γ 2
).
• h x i ,l,j and h
For the same l and j, h S i ,l,j and 
Remark . By specifying the functions ϕ S

New Pricing formula for Basket Option
In this section, we derive an approximation formula for the basket option price in the following steps.
1. Introduce perturbation parameter ϵ to the model processes, and expand the processes with respect to ϵ around ϵ = 0 as in Proposition 3.1.
2. Substitute the expanded processes for the payoff function, and expand the payoff function with respect to ϵ around ϵ = 0.
3. Take the conditional expectation of each term in the expanded payoff functions to calculate analytically the expectation of the expanded payoff functions.
4. Use Lemma 3.2 and Appendix B to calculate each conditional expectation. In the conditional expectation, each formula in Lemma 3.2 or Appendix B is applied according to the type of the functional form of the integrand, and the calculation results are given in Appendix A.
5. Collecting these terms in Appendix A with the same order of the Hermite polynomials, we obtain the coefficients in Theorem 3.3.
First, we introduce perturbations to the model (1) and (2) . That is, for a known parameter ϵ ∈ [0, 1] we consider the following stochastic integral equations:
Here, h
) in the log-normal jump case. Note that h
= 0 in the both cases.
We also define the following perturbed model with no jump processes, S i,LSV (ϵ) and σ i,LSV (ϵ) , which will be used for our approximation of the basket option pricing:
We assume the asymptotic expansions of S i,(ϵ) T and σ i,(ϵ) T around ϵ = 0 as follows:
We also suppose that (
where ϱ is a 2d × 2d correlation matrix, and Z is a 2d-dimensional (independent) Brownian motion.
Firstly, we consider a simple case with one asset and one jump factor, that is i = 1 and l = 1 in the above model:
We derive S
T and S
T explicitly. S (0)
T is calculated as follows:
t− + ϵS
T can be solved as S
T = e αT s 0 , and σ
is derived in the same way.
Next, we calculate S
T .
S
(
This equation can be solved by method of variation of constants as:
T (i = 2, 3, · · · ) can be derived in a similar manner. We explain the multi dimensional case (3), (4), (5), (6) based on these results. For ease of the expressions we introduce the following notations:
• We define a operator " * " as follows: When A and B are d × 2d matrices,
When A is a d × 2d matrix and B is a d-dimensional vector,
When A and B are d-dimensional vectors,
• We also define ∂ x Φx (x = S or σ,x = S or σ) as
where (Φx) i,j denotes the (i, j)-element of the d × 2d matrix Φx.
• Let us introduce the following notations:
Based on these preparations, we obtain the next proposition. (8) and (9) are given as follows:
The coefficients, S
(i) T , h (i) x,l,j (x =, S, σ), i = 0, 1, 2 and σ (i) T i = 0, 1 in the expansions (7),S (0) T = e αT * s 0 ,(19)σ (0) T = θ + (σ 0 − θ) * e −λT ,(20)h (0) x,l,j = 0,(21)S (1) T = ∫ T 0 e α(T −t) * Φ S ( σ (0) t− , S (0) t− ) dZ t + n ∑ l=1   N l,T ∑ j=1 h (1) S,l,j − Λ l T E [ h (1) S,l,1 ]   * S (0) T ,(22)σ (1) T = ∫ T 0 e −λ(T −t) * Φ σ ( σ (0) t− ) dZ t + n ∑ l=1   N l,T ∑ j=1 h (1) σ,l,j * e −λ(T −τ j,l ) * σ (0) τ j,l − −Λ l E [ h (1) σ,l,1 ] * e −λT * ∫ T 0 e λt * σ (0) t− dt ) ,(23)h (1) x,l,j = H x,l := (H x 1 ,l , · · · , H x d ,l ), (for all j, constant jump case)(24)h (1) x,l,j = Y x,l,j := (Y x 1 ,l,j , · · · , Y x d ,l,j ), (log-normal jump case)(25)S (2) T = 2 ∫ T 0 e α(T −t) * ∂ S Φ S ( σ (0) t− , S (0) t− ) * S (1) t− dZ t +2 ∫ T 0 e α(T −t) * ∂ σ Φ S ( σ (0) t− , S (0) t− ) * σ (1) t− dZ t + n ∑ l=1 (    N l,T ∑ j=1 h (2) S,l,j − Λ l T E [ h (2) S,l,1 ]    * S (0) T +2 N l,T ∑ j=1 h (1) S,l,j * e α(T −τ j,l ) * S (1) τ j,l − − 2Λ l E [ h (1) S,l,1 ] * e αT * ∫ T 0 e −αt * S (1) t− dt ) ,(26)h (2) x,l,j = 0 ∈ R d , (for all j, constant jump case)(27)h (2) x,l,j = Y x,l,j * Y x,l,j . (log-normal jump case)(28)
in the asymptotic expansions of (5) and (6) are given as follows:
Next, let us define the payoff of a basket call option with strike price K as
where g(x) represents a weighted sum of the underlying asset prices of x 1 , · · · , x d with the constant (both positive and negative) weights w 1 , · · · , w d . Here, we set
For an approximation of a basket option price, we firstly note that g
Then, for a strike price K = g(S 0 T ) − ϵy for an arbitrary y ∈ R, the payoff of the call option with maturity T is expanded as follows:
We apply g
, which provides reasonable accuracies with less computational burden in the approximations.
We next note that when the number of jumps is
T in the equation (22) becomes
(constant jump)
(log-normal jump)
Here, we use the following notations:
, that is the standard normal distribution.
(ϑ is defined to be the 2d × 2d correlation matrix among
, though it does not explicitly appear here.)
We remark that the distribution of
, that is the normal distribution with mean zero and variance Σ {k l } T whose density function is expressed as
Here, Σ
where ϑ ζ S,l stands for the correlation matrix of
, and x ⊤ denotes the transpose of x. Next, we define
With those preparations, we approximate the expectation of the basket call payoff under an equivalent martingale measure in the following way:
We also note that the probability of
which is the product of the k l times of the jump probabilities of 8 on the right hand of (47) as follows:
The coefficient of ϵ is given by:
where the formula 1 in Lemma 3.2 is used to calculate the conditional expectation of the second term on the right-hand side of the equation (22) for the constant jump case, and the formula 2 in Lemma 3.2 is used to calculate the conditional expectation of the second term of the equation (22) for the log-normal jump case.
The following calculations for conditional expectations also use the formulas in Lemma 3.2 or/and Appendix B.
The coefficient of
2 is given by:
the coefficient of
6 is given by:
and the coefficient of ϵ 3 8 is given by:
Then, the initial value, C(K, T ) of the basket call option with maturity T and strike K is expanded around ϵ = 0 as follows:
where y {k l } := g(ξ {k l } ) + y, and r is a constant risk-free rate. In order to evaluate η 2 (x, {k l }), the conditional expectations defined in (44), we prepare the following lemma. To evaluate η 3 (x, {k l }) and η 22 (45) and (46), respectively, we apply the conditional expectation formulas for the Wiener-Itô integrals listed in Appendix B.
Lemma 3.2. We suppose the following:
is a Poisson process with intensity Λ l and they are independent. τ j,l stands for the time of the j-th jump in N l .
• W and N l are independent.
normal distribution with mean 0 and variance-covariance matrix Θ X,l whose diagonal elements are 1, that is each variance is 1.
• X j,l and X j
• X j,l are independent of W and N l .
and are integrable with respect to t in the formulas below.
• For the notational convenience, f 2 (t), g 1,l (t), g 2 (t) and g 2,l (t) are expressed as f 2,t , g 1,l,t , g 2,t and g 2,l,t , respectively.
• We defineŶ T and Σ
as follows:
where x · y stands for the inner product of x and y in R d , and x ⊤ denotes the transpose of x.
• We define I as I = (1, · · · , 1).
Then, we have the following formulas 1. -13. The proof will be given upon request.
1.
2.
3.
4.
5.
6.
7.
8.
9.
10.
11.
12.
13.
denotes the k-th order Hermite polynomial. Particularly, H 1
Applying the above lemma and the conditional expectation formulas in Shiraya and Takahashi (2014) which are listed in Appendix B, we obtain an approximate pricing formula for a basket call option with ϵ = 1. The formula for a basket put option is easily obtained through the put-call parity.
Theorem 3.3. An approximation formula for the initial value C(K, T ) of a basket call option with maturity T and strike price K is given by the following equation:
where 
Numerical Examples
This section shows concrete numerical examples based on our method developed in the previous section.
Setup
We apply the following model for numerical experiments under the risk-neutral probability measure: each underlying asset price process has a CEV (constant elasticity of variance)-type diffusion term with compound Poisson jump component, and each volatility process has a CEV-type diffusion term with mean reversion drift and compound Poisson jump component:
where the jump size h x i ,l,j is given by h x i ,l,j = H x i ,l for all j with a constant H x i ,l in the constant jump case, and by
) for all j in the log-normal jump case. Applying our approximate formula we calculate the basket call options whose number of the underlying asset is five in the basket. For illustrative purpose we only consider a systematic jump case, that is all the jumps of the underlying asset prices and their volatilities occur at the same time (i.e. n = 1 and (ϑ) x i ,y j = 1 where ϑ denotes the 10 × 10 correlation matrix among ζ S i ,j,l and ζ σ i ,j,l (i = 1, · · · , 5)), and the intensity parameter Λ is fixed as 1, though we are able to treat more general cases. The base parameters in the asset price and their volatility processes are the same among all the assets, which are listed in the following tables (Table 1 and Table 2 ). Table 3 shows the results for the numerical experiment with the benchmarks computed by Monte Carlo simulations, where the number of the time steps is 128 and the number of trials is 1 million with antithetic variables in computation of each benchmark.
Numerical Results
We provide a sensitivity analysis to examine how the approximation errors by our formula change with changes in the model parameters. In particular, we compare the approximation errors for basket call option prices with different parameters. "High" or "Long" means the twice value of the base parameter given in Table 1 , and "Low" or "Short" means the half value of the base parameter, except for the correlation parameter. AE means the asymptotic expansion method, and MC means the Monte Carlo method. Table 3 : AE vs MC It is observed that the approximation errors become large when the jump size parameters such as the standard deviation of the price's jump size γ S and the volatility jump size H σ , and the volatility on the volatility parameter ν are large.
However, in most of the cases, our approximation formula works quite well. While in terms of the computational time our analytical method is obviously much faster than the Monte Carlo simulations with 128 time steps and one million trials.
WTI -Brent basket options
This section presents numerical examples for pricing WTI -Brent basket options based on our approximation scheme with the parameters obtained by calibration to the actual futures option prices. In particular, we use the following model under the risk-neutral probability measure, where each underlying asset price process has a CEV (constant elasticity of variance)-type diffusion term with compound Poisson jump component and each volatility process follows a log-normal model: for i = 1, 2,
where the jump size in the futures price process is log-normally distributed, that is
) for all j. Applying our approximate formula to this model, we calculate the basket options on WTI futures and Brent futures. For simplicity, we only consider a systematic jump case, that is all the jumps of the underlying asset prices (i.e. n = 1 and (ϑ) S i ,S j = 1 where ϑ denotes the 2 × 2 correlation matrix among ζ S i ,j,l (i = 1, 2)).
We set the calculation date for basket option prices on March 31, 2015. In Table  4 , we report the target basket prices with their underlying futures prices on the date, the terms to maturities and the relevant (risk-free) interest rates. We firstly need to obtain the model parameters through calibration to the relevant option prices of WTI futures and those of Brent futures. In the jump component, the intensity parameter Λ is fixed as 1. The other jump parameters are assumed to take common values for the two relevant futures price processes used for the calculation of a basket option price.
For computational efficiency, the settlement prices of American options are transformed to those of the European options before calibration: More precisely, after an implied volatility of each American option price is estimated under a binomial version of the Black-Scholes model, the corresponding European option price is computed. Hereafter, this European option price is called the "transformed CME" or "transformed ICE" option price. Then, calibration is implemented against the "transformed CME" or "transformed ICE" option prices with different strikes simultaneously, where out-ofthe-money (OTM) prices are used for the calibration; for JUN15 futures options, the strikes of the options range usd 35 to usd 75 with every five dollars, and for DEC15 futures options, those of the options range usd 40 to usd 80 with every five dollars.
Moreover, the correlations between the futures prices and their volatilities are assumed to take common values for the two relevant futures, which are used to calculate a basket option. These correlations are obtained by calibration to the market futures option prices, which are shown in the ρ-column of Tables 5 and 6 .
The correlations between the two futures price processes are estimated by the past three-month's historical data of the futures prices. The correlations between the corresponding volatility processes of the two futures prices are assumed to be the same as the correlations of the futures prices. Then, we obtain the following estimates: the correlation between the WTI and Brent futures prices for JUN15 is 0.955, and the correlation for DEC15 is 0.975.
Given the above assumptions in the calibration, we compare the following two specifications of the model: These results show our approximation formula works well.
Conclusion
We have derived a new approximation formula for basket option pricing in a model with local-stochastic volatility and jumps. In particular, our model admits a local volatility function and jumps in both the underlying asset price and its volatility processes. Thanks to the closed form formula the computational speed of the method is much faster than the other numerical schemes. Moreover, in numerical experiments, we firstly calibrate the model to the options on the WTI and Brent futures by applying our approximation formula for the plainvanilla option. Then, by using the calibrated parameters, we approximate the prices of the basket options on the WTI and the Brent futures and compare those with the benchmark prices obtained by the Monte Carlo method, which has demonstrated the effectiveness of our approximation scheme.
We also note that the higher order expansions can be derived in the similar manner, which is expected to provide more precise approximations as in the diffusion cases in Shiraya, Takahashi and Toda (2012) and Takahashi, Takehara and Toda (2012).
A Derivation of Coefficients
This section derives the coefficients, C i , (i = 1, 2, 3, 4) in the expansion formula (69) in Theorem 3.3 under a log-normal jump case. A constant jump case is obtained in a similar way. In the following we omit some notations for simplicity.
Firstly, let us show the expressions of g(S
T ) and g
+g
−g
Next, we define the expression F (X) as
where X stands for the expression in the equation number (X). We also define Σ
Then, we obtain the following calculations by using Lemma 3.2 and Appendix B. 
where (102) 
stands for the k-th order Hermite polynomial.
Next, let us show the expression of g
by applying Appendix B.
Then, we obtain the expressions of F (M ) for M = 140, 141, 142 as follows: 
We obtain the expressions of F (M ) for M = 161, 162, 164: 
We also have the expressions of F (M ) for M = 160, 163 as follows: 
q ′ 160,2t,i = q 160,3t,i = e 
B Conditional Expectation Formulas for the Wiener-Itô Integrals
This appendix summarizes conditional expectation formulas for explicit computation of the asymptotic expansions up to the third order. 1.
5. 
